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a b s t r a c t

Here we show how the usual model for the transport of neutral solutes through porous membranes, lead
to equations that can be compared with the thermodynamic equations of transport. This is done in detail
and paying special attention to the assumptions made that frequently have been not taken into account.

This model can be used to get information on the pore size from functional data on retention and
permeability. Two parameters are needed to fit experimental results of retention versus volume flow.
We show the total equivalence of using the Staverman reflection coefficient and the solute permeability
coefficient as parameters or the pore radius and the ratio of porosity and pore length. It is also equivalent
to measure, adequate and separately, the reflection and the permeability coefficients and to evaluate from
them the pore radius and the ratio of porosity versus pore length or vice versa. Moreover, the effect of the
amplification of viscosity in small pores and the information contained in the pure water permeability
are included in the model to reduce the number of required parameters to one, as for example the pore
radius.
We show that when the pore reflection coefficient is considered some bounds for the values of the
pore hindrance factors must be accomplished for big and small molecules as compared to the pore size.
Criteria to allow an election among the many expressions proposed for such hindrance factors in literature
are proposed based on these requirements. An adequate consideration of pore wall friction and applied
pressure gradient is shown to be very important as far as when these factors are inappropriately neglected,
very significant errors appear in the prediction of performances of nanofiltration membranes, mainly for
intermediate retentions.
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. Introduction

Membranes are barriers that are selective to one or several com-
onents of a feed mixture, generally a solution, to be separated
rom the rest of their constituents. Nanofiltration (NF) is a mem-
rane separation process where size exclusion in the range of the
anometer happens. This process is actually in between Ultrafil-
ration (UF) and Reverse Osmosis (RO). Actually, apart from the
ize exclusion mechanism, rejection in these systems is also influ-

nced by the charge in the membrane pores. This is the reason why
ost of the NF membranes are highly effective in the ionic separa-

ion due to the electrostatic repulsion. This also allows working at
ower pressures than for RO, normally in the range 0.3 and 1.4 MPa.
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n summary, NF membranes allow high fluxes, high rejection val-
es for salts with multivalent ions, a low molecular weight cut-off
between 200 and 2000 Da) for non-charged substances. The inver-
ion, operation and maintenance costs are also relatively low for
anofiltration [1,2].

The first generation of NF membranes dates back to 1970.
hen a new kind of RO membranes, allowing a reasonable flux of
ater at relatively low pressures, were developed. This allowed
substantial decrease in operation costs as compared with the

raditional RO membranes. These new membranes were called
anofiltration membranes, being totally established in 1980 when
he first applications started to be published [2]. The application

nd knowledge of Nanofiltration technology has enlarged quickly
n the last years [3]. Nowadays, it is applied basically to the salt
ejection in water treatment and in fractionation of salts and
mall molecules in a great number of industries [4] as: removal of
esticides in subterranean waters, removal of heavy metals from
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Nomenclature

Ak porosity
c molar concentration inside the membrane (mol/m3)
dw thickness of the solution layer (m)
D diffusion coefficient (m2/s)
Dp diffusivity inside the membrane (m2/s)
fij friction coefficients of i with j (J s/mol m2)
f,g wall correction factors for diffusion and filtration

flow
G,K−1 hydrodynamic coefficients
Js,js solute molar flux (mol/m2s)
JV,jV volumetric flux (m/s)
Kc hindrance factor for convection
Kc

′ hindrance factor for convection with pressure gra-
dient effect

Kd hindrance factor for diffusion
Lpw water permeability (m/s Pa)
M molecular weight (kg/mol)
Na Avogadro number (1/mol)
P pressure (N/m2)
�P applied pressure (Pa)
Pe Peclet number
r pore radius (m)
rs stokes radius (m)
rp effective pore radius (m)
R gas constant (J/mol K)
Rs solute retention
Rs

′ solute retention with pressure gradient effect
SD,SF steric hindrance factor for diffusion and filtration

flow
T temperature (K)
V̄i molar partial volume of the i-th solute (m3/mol)
x axial position in the membrane (m)
�x membrane thickness (m)

Greek symbols
˚ steric partition coefficient
� molar fraction
� activity coefficient
� solvent viscosity in the pores (Pa s)
�0 bulk solvent viscosity (Pa s)
� solute radius/ pore radius
� chemical potential (J/mol)
� velocity (m/s)
�� Osmotic pressure difference (Pa)
	 density (kg/m3)

 reflection coefficient
ω solute permeability (mol/m2 s Pa)

Subindex
m membrane
p pore
s solute
w water

Superindex
0 bulk
* pure water
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aste-water, recycling of waste-water from industrial washing
rocesses, water softening and removal of nitrates, among oth-
rs.

The mechanisms involved in nanofiltration [5], are different
or the charged and uncharged membranes, or equivalently for
ons in solution (dissolved salts) and uncharged solutes (organic
ompounds). The differences are attributable to the presence or
bsence of relevant electrostatic interactions. In all cases size exclu-
ion and convection are present. In case of uncharged solutes,
ejection appears only by a mechanism of convection combined
ith diffusion in the nanoporous structure, which depends also

n the molecular size. In the case of charged species other param-
ters have to be considered as the volumetric charge density, �
nd the dielectric constants both inside the pores, εp, and in the
olid membrane material, εm, when dielectric exclusion is sig-
ificant [4,6–9]. Experiments of separation of organic molecules,
hus in conditions of steric hindrance, convection and diffusion,
re crucial to characterize the porous structure of nanofiltration
embranes.
In the case of uncharged solutes, rejection appears only by a

echanism of convection modulated by differences in the diffusiv-
ties in the nanoporous structure [10]. For pure steric hindrance and
or the sorption-diffusion mechanism, the actual pore size distri-
ution plays a key part thus it should be taken into account for the
eparation of organic molecules [11]. Simulations assuming log nor-
al pore size distributions show that retention decreases quickly

y assuming wider pore size distributions [12]. The possible varia-
ion of the pore section along a pore has also recently been taken
nto account [13].

Here a study of the detailed mechanisms involved in rejection
nd transport of uncharged species through nanofiltration mem-
ranes are presented. Here we will also assume that pores are
ll equal in size and shape with a uniform section. The applied
ressure gradient, that is frequently assumed to have negligible
ffects, is nevertheless considered here and its actual relevance
s discussed in detail. Some attempts have been done to include
his pressure gradient previously [12] nevertheless here we will
ather follow the point of view introduced by Nakao and Kimura
14]. This approach has the advantage of introducing the action
f the pressure gradient within the very well founded frame of
hermodynamics.

Nakao and Kimura [14] discussed the convenience of including
r excluding the pore wall friction in the hindrance coefficients.
ecently Li and co-workers [15] have analyzed this problem from
n “ad hoc” point of view based on experimental results for the
ltration of fructo-oligosaccharides. Here we will analyze how to

nclude pore wall friction correctly and the different expressions
or the hindrance convective and diffusive factors are compared.
riteria will be proposed to help in the process of selection of the
orrect correlations for the hindrance factors in accordance with
heir definition and their relation to thermodynamic parameters
16].

. Transport model

Both the friction and thermodynamic models used to describe
he transport of uncharged solutes through nanofiltration mem-
ranes (and actually also through ultrafiltration membranes) are

escribed, in this section. They both depend ultimately on the ratio
etween membrane thickness and porosity,�x/Ak and on the ratio
f solute and pore radii, �, through the so called diffusive and con-
ective hindrance factors. The different correlations proposed in
he literature for these coefficients are considered and criteria for
n adequate election among them are discussed too.
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.1. Friction model

The forces on water and solute molecules are proportional to the
radient of chemical potential and assuming that the membrane is
een as quiet (�m = 0) [17,18]:

d�w
dx

= (fws + fwm)�w − fws�s (1)

d�s
dx

= −fsw�w + (fsw + fsm)�s (2)

But, the drag force on the solute assumed to behave as a sphere
oving in a also moving liquid (here water) is

drag = f 0
sw
�s − �wg(�)

f (�)
(3)

A comparison of these expressions for the force on the solute,
qs. (2) and (3), leads to

(fsw + fsm) =
[
f 0sw
f (�)

]
fsw =

[
f 0
sw
g(�)
f (�)

]
⎫⎬
⎭ (4)

The factors f and g account for the pore wall action on the drag
orce and they depend on �= rs/rp for cylindrical pores. The bulk

obility of the solute relative to water, f 0
sw , is

0
sw = RT

Ds
(5)

ccording to the Einstein equation for non-turbulent flows. By tak-
ng into account also the Stokes equation,

0
sw = 6
�rsNA (6)

hich is valid for spherical molecules at low Reynolds numbers.
he assumption of spherical solutes is reasonably good for solute
olecules not too long or soft enough to appear curled up or small

nough as usually found in nanofiltration. Note that from Eqs. (5)
nd (6) the Stokes–Einstein equation is obtained for the diffusion
oefficient, Ds = RT/6
�rsNA.On the other hand the solute chemical
otential is

s = �∞
s (T, p = 1) =

∫ p

1

V̄∞
s dp+ RT ln(�s�s) (7)

V̄∞
s is the molar partial volume for the solute at infinite dilution,

s is the molar fraction of the solute and �s is the coefficient of
ctivity. For diluted solutions:

�s ≈ 1

�s ≈ Mw
	w
cs

}
(8)

nd V̄∞
s ≈ V̄s. Note that the assumption of dilute solutions is very

easonable for highly retaining membranes with not too highly con-
entrated solutions as usually encountered in nanofiltration. [19].
hen, after differentiation:

d�s
dx

= −V̄s dp
dx

− RT

cs

dcs
dx

(9)

The solute flux js(r) ≡�s(r)cs is, according to Eqs. (2), (4) and (9):

dcs ¯ Dscs dp

s(r) = −Dsf (�)

dx
+ csg(�)�w − Vs RT f (�)

dx
(10)

r

s(r) = −Dsf (�)
dcs
dx

+ csg(�)�w − V̄s cs
f 0
sw

f (�)
dp

dx
(11)

b
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For pure water:

d�∗
w

dx
= f ∗wm�∗

w (12)

nd

∗
w = �∗

w(T, p = 1) +
∫ p

1

V∗
w dp (13)

here V∗
w is the molar volume of pure water. After differentiation

nd according to Eq. (12)

dp

dx
= − f

∗
wm

V∗
w
�∗
w ⇒ �∗

w = − V
∗
w

f ∗wm

dp

dx
(14)

nd, by taking into account the Hagen–Poiseuille equation

∗
w = − r2p

8�w

dp

dx
(15)

And thus

V∗
w

f ∗wm
= r2p

8�w
(16)

Then, according to Eqs. (15) and (16), Eq. (11) is:

s(r) = −Dsf (�)
dcs
dx

+ cs
[
g(�)�w + V̄s

f 0
swV

∗
w

f (�)f ∗wm�
∗
w

]
(17)

But fwm�w ≈ f ∗wm�∗
w for dilute solutions as far as, according to

q. (1)

d�w
dx

= fws(�w − �s) + fwm�w (18)

Due to the action–reaction balance of friction forces

ws = cs
cw
fsw (19)

Therefore, by the second Eq. (4):

ws = cs
cw

[
f 0
sw
g(�)
f (�)

]
(20)

Given that we deal with diluted solutions
cs
cw

→ 0 (21)

nd thus, fws ≈ 0. Then, according to Eq. (18),

d�w
dx

≈ fwm�w (22)

nd for diluted solutions:

d�w
dx

≈ d�∗
w

dx
⇒ fwm�w ≈ f ∗wm�∗

w (23)

here Eqs. (12) and (22) have been taken into account. Then Eq.
17) reads:

s(r) = −Dsf (�)
dcs
dx

+ cs
[
g(�) + fwmV̄s

f 0
swV

∗
w

f (�)

]
�w (24)

For spherical solutes

¯ s = NA
4
3

r3s (25)
Then also using Eqs. (6) and (16) (assuming that �w ≈� again
ecause the solution is diluted) [14]

fwmV̄s

f 0
swV

∗
w

= 16
9
�2 (26)
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It has also been accepted that for diluted solutions fwm ≈ f ∗wm
20], because �∗

w ≈ �w (see Eq. (23)). In this way Eq. (24) is:

s(r) = −Dsf (�)
dcs
dx

+ cs
[
g(�) + 16�2

9
f (�)

]
�w (27)

If laminar flow inside a cylindrical pore is totally developed, the
ater velocity acquires a parabolic profile

w = �cw

[
1 −
(
r

rp

)2
]

= �cw(1 − �2) (28)

here �cw is the maximal velocity of water in the profile which
appens in the centerline (r = 0). Assuming that the center of the
pherical molecules of solute can be placed equally distributed
nside a circle of radius rp–rs as far as when a solute molecule
ouches the pore walls its center is placed at a distance rs from
he wall, thus the js(r) averaged for all the possible values of the
adial coordinate is [21]

js
〉

= 1


r2p

rp−rs∫
0

js(r)2
r dr = f (�)

∫ rp−rs

0

{
−Ds dcs

dx
+ cs

[
g(�)
f (�)

+ 16�2

9

]
�cw

[
1 −
(
r

rp

)2
]}

2
r dr (29)

nd

js
〉

= −
(

1 − rs
rp

)2

f (�)Ds
dcs
dx

+ csf (�)

[
g(�)
f (�)

+ 16�2

9

]

�cw

[(
1 − rs

rp

)2

− 1
2

(
1 − rs

rp

)4
]

(30)

It has been assumed that both f and g do not depend on the radial
oordinate r.

This can be written as:

js
〉

= −SDf (�)Ds
dcs
dx

+ csf (�)

[
g(�)
f (�)

+ 16�2

9

]
�cw
2
SF (31)

With [21,14],

SD = (1 − �)2 ≡ �
SF = 2(1 − �)2 − (1 − �)4 = �(2 − �)

}
(32)

On the other hand the total volume flow is

jV
〉

= cw 〈�w〉 V̄w + cs 〈�s〉 V̄s ≈ 〈�w〉 (33)

As far as for diluted solutions:

cwV̄w ≈ 1
csV̄s ≈ 0

}
(34)

nd by taking into account Eq. (28) the average water velocity in
he pore is:

�w〉 = 1


r2p

∫ rp

0

�w(r)2
r dr = 1


r2p

∫ rp

0

�cw

[
1 −
(
r

rp

)2
]

2
r dr = �cw
2

(35)
And finally correlating the fluxes per unit of pore area to those
er unit of membrane area

s =
〈
js
〉
Ak and JV =

〈
jV
〉
Ak (36)

w
t
v
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nd

s = −SDf (�)DsAk
dcs
dx

+ SFcsf (�)

[
g(�)
f (�)

+ 16�2

9

]
JV (37)

It is worth noting that the same averaging done in Eq. (29) should
e done to correlate the concentration inside the pore to that exist-

ng in an unrestricted medium (as the bulk outside the pore) in
quilibrium with the pore at each longitudinal coordinate, i.e.:

i
s(x) = 1


r2p�x

∫ rp−rs

0

cs(x)2
r�xdr =
(

1 − rs
rp

)2

cs(x) = ˚cs(x)
(38)

here the correlation of concentrations has been called, ˚, as
ustomarily. When there is an external field acting this partition
quation should be substituted by

i
s(x) = 1


r2p�x

∫ rp−rs

0

e−� cs(x)2
r�xdr

=
(

1 − rs
rp

)2

e−� cs(x) = ˚e−� cs(x) (39)

� the potential drop at pore extremes which is called Donnan
otential. This form of partitioning relationship should be used, for
xample, for ionic solutes.

Here we assume that the solute is uncharged, then Eq. (37) reads:

s = −˚Kd(�)DsAk
dcs
dx

+˚Kc ′csJV (40)

ith

Kd ≡ f (�)

Kc
′ ≡ (2 − �)f (�)

[
g(�)
f (�)

+ 16�2

9

]
= Kc + (2 − �)Kd

(
16�2

9

)⎫⎬
⎭

(41)

hat are called respectively diffusive and convective hindrance fac-
ors. Note that the convective hindrance factor if the pressure
radient was not taken into account should be Kc.

If the differential Eq. (40) is integrated for all the length of the
ore:

�x

0

Jsdx = Js�x = −˚KdDsAk(c2s − c1s) +˚Kc ′JV
∫ �x

0

csdx (42)

nd

s = −˚KdAk
cs(�x) − cs(0)

�x
+˚Kc ′JV

1
�x

∫ �x

0

cs dx (43)

That is

s = −˚KdDsAk
�cs
�x

+˚Kc ′JV c̄s (44)

[18], where c̄s is the average concentration along the pore.

.2. Thermodynamic equations for the transport

For such a system, according to the Thermodynamics of Irre-
ersible Processes:

Jv = Lp(�p− 
�
∏

)
}

Js = ω�
∏

+(1 − 
)Jvc̄s
(45)

hich are the so called Spiegler–Kedem–Katchalsky [19,22], equa-
ions which are valid for diluted enough solutions and give the
olume and solute fluxes in terms of hydraulic and osmotic pressure
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These correlations are shown in Figs. 1 and 2 in terms of Kd and
Kc evaluated according to Eq. (41).

Some efforts have been done to extend this theoretical frame to
non-spherical, non-rigid molecules [39–43]. Other averaged cor-
relations have been proposed later as for example those due to
2 V. Silva et al. / Chemical Engi

ifferences across the membrane. The Van’t Hoff equation allows
n evaluation of the osmotic pressure as:

= RTcs (46)

or dilute solutions. Then, the solute flux is:

S = ωRT�cs + (1 − 
)JV c̄s (47)

A comparison of Eq. (47) with equation with Eq. (44) leads to

(1 − 
) = ˚Kc ′

ω = −˚KdDs
RT

(
Ak
�x

)}
(48)

These equations with the values given in Eq. (41) are the basis
f the so called steric hindrance pore model, SHP [14,23–25] and
sed frequently in more or less simplified versions.

.3. The hindrance factors

The wall solute interaction factors, f and g can be evaluated
y a detailed study of drag forces for different �. The hindrance
actors, f and g take into account the solute movement through
onfined geometries as those of the membrane pores where the
ransport is hindered. Many alternative expressions have been pro-
osed for these hindrance factors all them based on the analysis of
he detailed fluid mechanics of particles moving through tubes or
apillaries containing a still fluid.

A review of many of these calculations was presented by Deen
26]. After the seminal works of Ferry [27], Pappenheimer et al.
28], and Renkin [29], one of the first detailed study of such f and
functions of � for wide range of � (0 <�≤ 0.9) was addressed by
aberman and Sayre [30], and afterwards used by Verniory et al.

21], and Nakao and Kimura [14]. They evaluated the factors as:

(�) = 1 − 2.105�+ 2.0865�3 − 1.7068�5 + 0.7260�6

1 − 0.75857�5
(49)

(�) = 1 − (2/3)�2 − 0.20217�5

1 − 0.75857�5
(50)

Bohlin [31], derived similar equations. A complete correlation
0 <�≤ 1) was due to Bungay and Brenner [32]:

= 6

Kt

(51)

nd

= Ks
2Kt

(52)

ith

t = 9
4

2

√
2(1 − �t)−5/2

(
1 +

2∑
n=1

an(1 − �i)n
)

+
4∑
n=0

an+3�
n
i

(53)

s = 9
4

2

√
2(1 − �t)−5/2

(
1 +

2∑
n=1

bn(1 − �i)n
)

+
4∑
n=0

bn+3�
n
i

(54)

here a1 = −73/60; a2 = 77.293/50.4; a3 = −22.5083; a4 = −5.6117;
5 = −0.3363; a6 = −1.216; a7 = 1.647; b1 = 7/60; b2 = −2.227/50.4;

3 = 4.018; b4 = −3.9788; b5 = −1.9215; b6 = 4.392 and b7 = 5.006.

Other very accurately evaluated correlations could be used, even
hough they are only valid for a limited range of �, as for example:

(�) = 1 − 2.1044�+ 2.089�3 − 0.948�5 (55)

F
a
s

g Journal 149 (2009) 78–86

(�) = 1 −
(

2
3

)
�2 − 0.163�3 (56)

ue to Anderson and Quinn [33], that seems to be valid for
≤�≤ 0.4 or those due to Brenner and Gaydos [34]:

(�) = 1 − (9/8)� ln�−1 − 1.539�)
1 − 2�+ �2

(57)

(�) = 1 + 2�− 4.9�2

1 + 2�− �2
(58)

hat has been obtained by using radial averages (instead of center-
ine movements) and can be used for 0 <�≤ 0.1. Or the correlation
or f, evaluated also from radial averages, due to Mavrovouniotis
nd Brenner [35]:

(�) = 0.984(1 − �)9/2

1 − 2�+ �2
(59)

Finite elements have been used also by Bowen and Sharif [36], to
nalyze the movement of a spherical molecule of the solute along
he centerline of a cylindrical pore to give

(�) = −1.705�+ 0.946 (60)

(�) = −0.301�+ 1.022 (61)

eing these expressions adequate for 0 <�≤ 0.4.
Later, Bowen et al. [37], modified the procedure of calculation of

he f and g, based on more detailed studies on the solute movement
n cylindrical tubes to

(�) = 1.0 − 2.30�+ 1.154�2 + 0.224�3 (62)

(�) = 1.0 + 0.054�− 0.988�2 + 0.441�3 (63)

he authors claimed that this expansion in � was adequate for
<�≤ 0.8. Still later Bandini and Vezanni [38], proposed an extrap-
lation for 0.8 <�≤ 1 as

(�) = −0.105 + 0.318�− 0.213�2 (64)

(�) = −6.830 + 19.348�− 12.518�2 (65)
ig. 1. Several correlations, given in the literature, for the diffusive hindrance factor
s a function of �= rs/rp . The range of � that authors claim for their correlations are
hown in the legend.
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ig. 2. Several correlations, given in the literature, for the convective hindrance
actor as a function of�= rs/rp . The range of� that authors claim for their correlations
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echadilok and Deen [44] that claim to be valid up to �< 0.9. They
re based on numerical integration of results based on an eval-
ation by finite elements for some discrete values of � given by
igdon and Muldowney [45] and on approximations due to Ennis
t al. [46]. The centerline approximation given by the Bungay and
renner expressions turns to be surprisingly accurate [44].

It seems clear that both f and g should go to 1 for �→ 0 as far as
hen the pore walls should play no action on the solute—see Eq. (4).
n the other hand, when �→ 1 then f → 0 in order to make infinite

he friction coefficients with both water and membrane, according
gain to Eq. (4). In this way the numerator of Eq. (3) should go
o zero as the denominator does keeping finite the drag force and
hus possible the movement of the solute. In these conditions the
olute should move similarly to a piston and its speed along the pore
enterline should approach the average of that of water in a pore
ection. If laminar regime is assumed this means that the solute
hould move along the pore centerline at half the velocity of water
long the same centerline—see Eq. (35), thus g → 1/2 in order to
eep finite the force drag.

According to Eq. (41) the same tendencies for �→ 0 and �→ 1
hat are shown by f and Kd hold for g and both Kc and Kc ′. On the
ther hand, according to Eq. (48) and taking into account that

�→ 0 ⇒ ˚→ 1
�→ 1 ⇒ ˚→ 0

}
(66)

t is clear that

�→ 0

{

 → 0

ω→ − Ds
RT

(
Ak
�x

) }
(67)

nd:

�→ 1 ⇒
{

 → 1
ω→ 0

}
(68)

Note that as, according to Eq. (48), (1 −
) ≈˚ when �→ 1, i.e.:
≈ 1 −˚= 1 − (1 =�)2 when 
→ 1 that could help to determine �

rom measurements of 
 for big solutes. These measurements can

onsist in
 = (�p/RT�cs)Jv=0 as can be deduced from Eqs. (45) and
46). Note thatω = (Js/RT�cs)JV=0 tends to 0 when�→ 1 It is worth
oting that 
 and ω have to be measured under carefully estab-

ished experimental conditions according to these expressions and
ollowed by extrapolation to zero gradients. p
ig. 4. The correlations of the convective hindrance factor versus � proposed by
ungay and Brenner and Haberman y Sayre, both taking into account the effect of
he pressure gradient.

In Figs. 1 and 2 it appears evident that among the correlations for
he hindrance factors proposed in literature, those due to Brenner
nd Bungay are the only ones that perfectly adapt to the require-
ents above proved for both �→ 0 and �→ 1. Moreover, as shown

n Figs. 3 and 4, the Bungay and Brenner correlation for the con-
ective hindrance factor also shows correct limits for �→ 0 and
→ 1 when the effect of the applied pressure gradient is taken into

ccount. In Fig. 5 the variation, in percentage, of the convective
indrance factor for negligible and non-negligible applied pressure
radients is shown versus �. Note that the maximal increment in
he hindrance factor, when the applied pressure gradient is taken
nto account, appears at �≈ 0.45.

. Resolution of transport equations

According to Eq. (40) and using that Js = cspJV with csp the per-
eate concentration outside the membrane[ ′ ]

dcs(x)
dx

= 1
AKDS

Kc
Kd
cs(x) − 1

˚Kd
csp JV (69)

This equation can be integrated from the concentration at the
ore entrances, csf, to the permeate concentration (at the pore end-
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ig. 5. Percentual variation of the convective hindrance factor versus � when the
ffect of the pressure gradient is taken into account. The maximum corresponding
o �≈ 0.45, is shown by a line.

ng), csp, and used to evaluate the actual retention coefficient:

s
′ ≡ 1 −

(
csp
csf

)
= 1 − Kc

′�
1 − (1 − Kc ′�)e−Pes ′

(70)

sf is the feed concentration. The prima meaning that it includes the
ffect of the pressure gradient. The dimensionless Peclet number is
hen given by

es
′ = Kc

′JV
KdDs

(
�x

Ak

)
(71)

It is important to note that this Peclet number is not exactly
he same as when the pressure gradient correction was not taken
nto account. It is, in any case, the ratio of convective to diffusive
erms in the transport equation. Therefore it is the actual Peclet
umber, nevertheless we distinguish it from Pes that should include
c instead of Kc ′.

Eq. (70) states that Rs ′ is a function of JV with rp (included in˚)
nd�x/Ak as parameters to be fitted. Nevertheless, according with
he Hagen–Poiseuille model, for pure water:

�x

Ak

)
= 1
Lpw

(
r2p

8�w

)
(72)

ith Lpw the pure water permeability. Thus Eq. (71) can be written
s:

es
′ = 1

DsLpw

(
Kc

′r2p
Kd8�w

)
JV (73)

On the other hand, inside a pore, as those typically appearing in
anofiltration membranes, which are similar in size to the water
olecules adsorbed on the pore walls (dw = 0.28 nm), the viscosity

ould go from the bulk value in the center of the pore to a value 10
imes bigger at the pore walls. Thus, a profile can be assumed [12],
s:

�w
�0

= 1 + 18

(
dw
rp

)
− 9

(
dw
rp

)2

(74)
eing �0 the bulk viscosity for pure water in non-restricted geome-
ries. This augmented viscosity has to be used in Eq. (73) and thus in
q. (70) to eliminate�x/Ak, leaving rp as the only fitting parameter
o be obtained from experimental Rs versus JV curves.

a

6
t

ig. 6. Retention coefficients with, Rs ′ , and without, Rs , taking into account the pres-
ure gradient versus� for volume flows extrapolated to infinity. Experimental results
or the AFC-40 and AFC-80 membranes, for a high volume flow of 6·10−5 m/s, are
lso shown.

On the other hand, according to Eq. (48), Eqs. (70) and (73) could
e written as:

s
′ = 
 1 − e−Pes ′

1 − 
e−Pes ′ (75)

nd

es
′ = 1 − 


RTω
JV (76)

These equations should allow fitting experimental results of
etention versus volume flow in terms of the two parameters 

nd ωwhich are correlated with rp according to Eqs. (48), (72) and
74). It is then clear that this is an alternative way of presenting the
ame process of evaluation.

. Relevance of the pressure gradient

Eq. (70) can be extrapolated to JV → ∞ in order to evaluate
asily and without the influence of a specific volume flow. This
xtrapolated true retention coefficient is the reflection coefficient,
s shown in Eq. (48) [19]. This, without considering the pressure
radient, should lead to

lim
V→∞

Rs = 1 − Kc� = 
(�p = 0) (77)

And including the effect of the pressure gradient to

lim
V→∞

Rs
′ = 1 − Kc ′� = 
(�p /= 0) (78)

In Fig. 6 the retention coefficient neglecting the effect of the
pplied pressure gradient, Rs, and taking into account this pres-
ure gradient, Rs ′, are shown as a function of � for volume flows
xtrapolated to infinity thus being 
 (�p = 0) and 
(�p /= 0).

As an example, the experimental results of retention versus
olecular sizes [47,48], for two nanofiltration membranes made

ut of aromatic polyamide have been used. They are AFC80PCI and
FC40PCI (Paterson Candy International-Ltd., UK), made by the thin-
lm composite (TFC) method on a porous polysulfone substrate.
ccording to the manufacturers, the recommended working tem-
nd pH must be in the 2–11 range.
The corresponding results for a constant high volume flow of

·10−5 m/s are also shown in terms of the pore radius relative to
he solute radii as obtained from these experimental results [48],
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y assuming the applied pressure gradient as relevant. This size
atio can be called �′; thus, it is Rs ′ what is shown for these mem-
ranes. From these �′, the corresponding theoretical Rs coefficients
an be easily evaluated, but they are not shown because they don
ot separate appreciably from the points shown.

Note that for highly retentive membranes, retention and reflec-
ion coefficients coincide as should be expected. As far as in these
onditions the membrane should approach a prefect semiperme-
ble membrane. In these conditions the effect of the pressure
radient and volume flow are also very small.

The relative change in the retention coefficient by taking into
ccount the applied pressure gradient is also shown in Fig. 7. For
he JV → ∞ extrapolation we also have:

(�p = 0) − 
(�p /= 0) = lim
JV→∞

(
Rs − Rs ′

)
=
(
Kc

′ − Kc
)
� (79)
This theoretical curve for JV extrapolated to infinity can be
ccepted as an upper limit for these deviations as can be seen in
ig. 7. In these limit conditions, it can be concluded that the changes
n retention should be below a 5% being lower for relatively low

ig. 8. � as obtained by fitting experimental results for AFC-40 and AFC-80 mem-
ranes and assuming there is not an appreciable influence of the applied pressure
ersus �′ as obtained by assuming that the pressure gradient has to be taken into
ccount. The solid line corresponds to the hypothetical identity of � and �′ . The
otted lines are the fitted line and the 95% confidence lines.
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nd high retentions. As far as the AFC-40 and AFC-80 are very typ-
cal nanofiltration membranes, these errors should be probably for

ost of the cases below the 2% shown by these AFC membranes.
n any case, these errors should increase for increasing membrane
ermeability.

Finally in Fig. 8 the values for the pore radius relative to the solute
adii as obtained from the experimental results for AFC-40 and AFC-
0 by assuming that the applied pressure gradient as relevant, �′,
nd as negligible, �, are shown. Note that there are not significant
ifferences at least for relatively high solute sizes.

. Conclusions

We have shown, in detail, how the usual model for the transport
f neutral solutes through porous membranes, lead to equations
hat can be compared with the thermodynamic equations of trans-
ort. We focus in the assumptions used in the process of modeling
nd specifically we have shown that the model applies for diluted
olutions of spherical molecules. On the other hand, when the
indrance factors are considered, its dependence on the ratio of
olecular and pore radii is evaluated also for a low number of

pherical molecules of the solute moving along the centerline of
traight pores. We center our attention on cylindrical pores but this
s not fundamental for the model, other correlations are proposed
or example for slit pores.

In these conditions we show the total equivalence of using
 and
as parameters or using rp and Ak/�x as parameters to fit experi-
ental results of retention versus volume flow. It is also equivalent

o measure adequate and separately 
 andω and use their correla-
ion with rp and Ak/�x to evaluate them. In any case an adequate
onsideration of the amplification of viscosity in small pores is cru-
ial. Moreover, it is also very convenient to use the Hagen–Poiseuille
quation to eliminate Ak/�x in terms of the pure water permeabil-
ty. It is worth noting, that 
 andω but also the retention coefficient
ave to be measured by taking into account the concentration polar-

zation. Thus, in particular all the retention coefficients mentioned
ere refer to true retention rather than to observed retention.

Finally, we have shown that if the pore reflection coefficient is
onsidered, the best pore hindrance correlation is that proposed
y Bungay and Brenner. Nevertheless the influence in the retention
oefficient or the reflection coefficient of the membrane system is
imited with much higher relevance of the pore wall friction and
pplied pressure gradient. Inappropriately neglecting these con-
ributions may lead to very significant errors in the prediction of
erformances of nanofiltration membranes, mainly for intermedi-
te retentions.
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